Universal Taylor series, conformal mappings and 
boundary behaviour 

Stephen J. Gardiner 

Abstract 

A holomorphic function / on a simply connected domain Q is said to 
possess a universal Taylor series about a point in Q if the partial sums 
of that series approximate arbitrary polynomials on arbitrary compacta 
K outside f2 (provided only that K has connected complement). This 
paper shows that this property is not conformally invariant, and, in the 
case where Q. is the unit disc, that such functions have extreme angular 
boundary behaviour. 

1 Introduction 

Let / be a holomorphic function on a simply connected proper subdomain CI 
of the complex plane C, let £ G CI and Sn(/, Q(z) denote the partial sum 
S n= o a n( z — £)" °f the Taylor series of / about £. We call this series universal 
and write / 6 U(Cl,^) if, for every compact set K C C\f2 that has connected 
complement and every continuous function g : K — > C that is holomorphic on 
K°, there is a subsequence (SW^ (/,£)) that converges uniformly to g on K. It 
is known that possession of such universal expansions is a generic property of 
holomorphic functions on simply connected domains (that is, U{Cl,^) is a dense 
G$ subset of the space of all holomorphic functions on CI endowed with the 
topology of local uniform convergence [T7], [H]) and that the collection t/(Q,£) 
is independent of the choice of the centre of expansion £ (see [TJ], [IB]). 

However, significant questions remain open. A fundamental issue concerns 
conformal invariance: 

Problem 1 If F : Qq — > O is a conformal mapping, where Qq and Q are simply 
connected domains, and if f € Ll(fl, £), does it follow that foF G U(flo, ? 

Another question concerns boundary behaviour, about which there is a grow- 
ing literature [IH],[5],[n],[Tl],[7],[TS],[T],[5],[n]- For example, in the case 
of the unit disc B, it is known that if / G W(B, 0), then / does not belong to 
the Nevanlinna class (see [15]) and there is a residual subset Z of the unit circle 
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T such that the set {f(r() : < r < 1} is unbounded for every £ G Z (see [1]). 
However, little progress has yet been made on the natural question: 

Problem 2 What can be said about the angular boundary behaviour of functions 
inM(D,0)? 

I am grateful to Vassili Nestoridis for alerting me to the fact that Problem [T] 
had remained unresolved, and to George Costakis for drawing my attention to 
Problem [5J The answers are given below. Let S denote the strip {z G C : — 1 < 
Rez < 1}. 

Theorem 1 There is a function f G U(S, 0) with the following properties: 

(i) for any conformal mapping F : B — > S we have f o F ^ t/(B, F^ 1 ^)); 

(ii) there exist conformal mappings F : S —> S such that f o F U{S, F~ 1 (0)). 

We define angular approach regions at a point ( e T by 

T^(C) = {z : \z - CI < a(l - |*|) < at} (a > 1,0 < t < 1). 

A boundary point £ is called a Fatou point of a holomorphic function / on B 
if lim z _ + ^ zer i (£) /(z) exists finitely for all a. At the opposite extreme, C, is 
called a Plessner point of / if /(r^(£)) is dense in C for all a and f. Plessner's 
theorem says that, for any holomorphic function / on D, almost every point of T 
is either a Fatou point or a Plessner point of / (see Theorem 6.13 in |19j). Our 
next result shows that universal Taylor series have extreme angular boundary 
behaviour. 

Theorem 2 If f £ W(D, 0) ; then almost every point of T is a Plessner point of 
f. 

An easy consequence of Theorem [2] is the following Baire category analogue, 
which strengthens the result of Bayart mentioned earlier. 

Corollary 3 If f e lA{p>, 0), then there is a residual subset Z of T such that 
{f( r '■ < T < 1} is dense in C for every ( £ Z. 

It turns out that the above solutions to Problems Q] and [2] both emerge from 
the same non-trivial potential theoretic insight, which we will now describe. The 
Poisson kernel for D is given by 

P(z,C) = ^— (zeD.CeT). 

N — CI 

A set E C D is said to be minimally thin at a point Q G T if there is a (Green) 
potential u on B such that u > P(-, C) on E. For example, if D C B is a disc that 
is internally tangent to T at a point then B\D is minimally thin at C- This 
follows from the facts that D is of the form {P(-, C) > c} for some c > 0, and that 
min{P(-, C), c} is a potential on B since its greatest harmonic minorant is readily 
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seen to be 0. More generally (see Theorem 2 in [B] and Theorem 9.5.5(iii) in [5]), 
if tp : [0, 1] — > [0, 1] is increasing, then the set {z G B : Rez > 1 — ^(|Imz|)} 
is minimally thin at 1 if and only if J Q t~ 2 ip(t)dt < oo. An introduction to the 
notion of minimal thinness may be found in Chapter 9 of the book [2] . 

The key underlying result in this paper is as follows. We abbreviate <SV(/, 0) 
to Sn- 

Theorem 4 Let f be a holomorphic function on P and h be a positive harmonic 
function on D such that the set {|/| > e h } is minimally thin at £ £ T. If (Sjsr k ) 
is uniformly bounded on an open arc of T that contains ( Q , then (e~ h SN k ) is 
uniformly bounded on a set of the form H>\E, where E is minimally thin at £ . 
In the particular case where h is constant, we can thus conclude that (<SW fe ) is 
uniformly bounded on 3\E. 

Corollary 5 If f £ U(D,0) and h is a positive harmonic function on D, then 
there is at most one point off at which the set {|/| > e h } is minimally thin. 

Bayart [4] has shown that, if / € U(B, 0) and a > 0, then there is at most one 
point C of T such that |/| < a on a disc internally tangent to T at C- Corollary 
[5] is a significantly stronger result, and this extra strength is crucial for our 
purposes. The "one point" in Corollary [5] can actually arise. This follows by 
choosing the set A in the following result so that D\A is minimally thin at 1. 

Proposition 6 Let A C O, where ~A n T = {1}, and let w : D -> (1, oo) 

be a continuous function such that w(z) — > oo as z — >• 1. Then there exists 
f G U{p>, 0) such that \f\ < w on A. In particular, this is true for w = e , 
where h is a positive harmonic function on D that tends to oo at 1. 

Let D be a disc contained in D that is internally tangent to T at the point 
1. As noted in the proof of Proposition 5.6 in [14], no member of U(V>, 0), when 
restricted to D, can have a limit at 1. However, by the above proposition, there 
exists / in U(D, 0) satisfying |/(z)| < \z — 1| on D, whence (z — l)f(z) — > 
as z — > 1 in D. Thus the function z i-> (z — l)f(z) does not belong W(D, 0). 
This answers a question of Costakis [5], who had asked whether the property 
of having a universal Taylor series is preserved under multiplication by non- 
constant polynomials. Similarly, no antiderivative of this function / can belong 
to U(V>,0). This gives a negative answer to another question of Costakis (pri- 
vate communication), about whether antiderivatives of universal Taylor series 
are necessarily universal. (The corresponding question for derivatives remains 
open.) Costakis has also observed that Theorem [2] above and Theorem 1.2 of 
[3] together show that each member of U(H), 0) must tend to oo along some path 
to the boundary. 

We will prove Theorem |4] in the next section and subsequently proceed to 
the remaining proofs. 
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2 Proof of Theorem [4] 

Let D(z,r) denote the open disc of centre z and radius r, let C(K) denote 
the space of real- valued continuous functions on a compact set K, and let C = 
C U {00} denote the extended complex plane. If U C C is open, we denote by 
Gu(-, C) the Green function for U with pole at £ e U, and assign this function 
the value outside U. 

Now let / be a holomorphic function on B and ft be a positive harmonic 
function on D such that the set {|/| > e h } is minimally thin at £ G T. We 
define 

C/-{^e^(3C /4,l/4):|/(z)|<e' 1 }. 

Then U is open and U H T = {Col- Also, D\£7 is minimally thin at £ , since 

B\(7 = [D\£>(3C /4, 1/4)] U {|/| > e h } 

and the union of two sets that are minimally thin at £ is also minimally thin 
at C . Let fi z denote harmonic measure for U and z £ [/. For each z € U we 
define a modified measure p* z on dU by writing 

These are probability measures since the function £ i— > log(l/ is harmonic 
on C\{0}. 

We will make use of some key facts about minimal thinness from 2.. The 
first of these, Theorem 9.6.2, describes how the minimal thinness of H)\U at 
Co affects the behaviour of positive superharmonic functions v on U near £ . 
Specifically, it tells us that, for each such v, there is a set E(v) C D, minimally 
thin at £ , and a number l(v) £ (0, oo], such that 

<Z) V[Z) ^l{v) (z^( a ,zeB\E(v)). 



log(l/|*|) G D (z,0) 

If 4> £ C(dU), then [J </>cfyi*| < maxg^ |0| for all z e U. By considering 
separately the cases where v is given by 

^(C)log(i/|C|)^(C), 

we now see that there is a set C B, minimally thin at Co: an d a number 
G R, such that 

« = t-ttVi ix / ^(C)log(i/|CI)dM.(0 



io g (i/M) 

Z (z -»• C ,z 6 B\£ ). 

Now let (</>„) be a dense sequence in C(dU). Lemma 9.3.1 in [5] allows us 
to construct a set E* C B, minimally thin at £ , and a sequence of positive 
numbers (p n ), decreasing to 0, such that 

E K nD(t , Pn )cE* (neN). 
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Thus, for each n £ N, the function z h-> (J (f) n dfj,*) converges to a finite limit as 
z — > Co m ^>\E* . It follows that the limit measure 

v Q = lim [i* z (1) 

z->C ,z£B\E* 

exists in the sense of w* -convergence of measures. (The argument we have used 
in this paragraph can be regarded as a minimal fine topology analogue of that 
used in Doob |10j to construct fine harmonic measure at an irregular boundary 
point of a domain.) 

Clearly Vq is a probability measure on dU . We will now show that ^o({Col) = 
0. Since W\U is minimally thin at Co, we can combine Theorems 9.2.7, 9.3.3(h) 
and equation (9.2.4) in [2] to see that there is a Green potential v on D and a 
set Eq C D, minimally thin at Co, such that 

-^oo [z -> Co, 2 6 B\U) 



log(l/M) 

and 



Vn(z) 

-+1 (z^( ,zeU\E ). 



log(l/|z|) 

Let e > 0. Then there exists r > such that 

v Q (z) > e- 1 log (1/ |*|) (z G (0\Z7) n D(C , r)) 

and 

v (z) < 2 log (1/ \z\) (z G (E/\£ ) n D(C , r)). 

Hence 



M *p(C ,r)n5C/) = / log(l/|C|)^(C) 

l0g(l/[z|) J D (C ,r)ndU 

— i — 1 1 h / evodfi z 



• £ 



\og{l/\z\)J D 
vo(z) 



(C ,r)ndU 



-log(l/|z|) 
< 2e ( 2 e([/\E„)ni)(( 0) r)), 

by the superharmonicity of «o, and so ^o(-D(Co, r ) n dU) < 2e. Since e > was 
arbitrary, ^o({Co}) = as claimed. 

Let / be an open arc of T containing Co on which (Sjy k ) is uniformly bounded, 
and let ipj : dU\{( } —> M be the function given by 



r N<l-i) 
G^-j(z, oc)/log(l/\z\) (l>|z|>l-A) 



It is easy to check that Gg^j(z, oo)/ log(l/ \z\) has a finite (positive) limit as 
z — > Co m Thus ipj, extended by this limiting value, is upper semicontinuous 
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and bounded above on dU . Further, ipj I — 1/2 on <9£7\{C } as J ~~ * 00 ■ Hence 
we can find jo € N such that 

' \p jo dv <0. (3) 

For each k £ N we define the subharmonic function 

"ft = -77- log \Str k - f\ on©. (4) 

Since 5jv fc — / has a zero of order (at least) Nk at 0, the function Uk(z) — log \z\ 
is also subharmonic on D. Further, limsupj.^^ Ufe < 0. Thus it follows from 
the maximum principle that 

limsup Uk(z) < log \ z\ on D. 

k— >oo 

Hence (see Corollary 5.7.2 in [5]) we can choose ko € N such that 

u k {z)< 1 ^^ (\z\<l-- 1 k>k ). (5) 
2 Jo 

Also, by Bernstein's lemma (see Theorem 5.5.7 in [20]). 

log \S Nk I < iV fc G £x7 (-, 00) + log (su P7 \S Nk |) . 

We know that there exists a > 1 such that |SW fc | < a on / for all k. On UnD 
we thus have 

Uk < -r^log(2max{|57vJ , |/|}) 



— (log2 + max|iV fe G'g x7 (-,oo) +loga,/i|) 



< 

< G £x7 (-,oo) + — . (6) 

Using the subharmonicity of Uk — (log 2a + h)/Nk and its upper boundedness 
on U, and then ((2J, ([5]) and ((U, we see that 

log2 Q + fe(z) /■ / log_2a + /A 



N k Jandu \ N >. 

< ( ^ D (C)iog(i/|CI)^(C) 

JdU 

= log(l/|z|) f ip jo dn* z (zeU,k>k Q ). (7) 

By ([1]), the upper semicontinuity of ipj , and ©, there exists ri £ (0, 1) such 
that 

ip jo d»* z <0 (zeUnD(c , ri )\E*). (8) 
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Combining (J7J and flSJ) with we see that 

e~ h \S Nk -f\<2a on U n D(( ,ri)\E* when k > k , 
and the conclusion of Theorem U follows on defining 

E=(3\U)U(B\D(C ,r 1 ))UE*, 
which is minimally thin at £ . 

3 The remaining proofs 

Proof of Corollary [5} Let / G U(H),0) and suppose that, for some positive 
harmonic function h on P, the set {|/| > e' 1 } is minimally thin at two distinct 
points Ci> C2 € ^- Further, let 7 be an open arc of T containing (\ and ( 2 such 
that 7 ^ T. In view of the Poisson integral representation of positive harmonic 
functions on D we can easily modify h to obtain another such function h\ that 
vanishes continuously on a closed subarc I\ of 7 lying between Ci and £ 2 an d 
such that the set {|/| > e hl } remains minimally thin at £iiC2- By universality 
we can hnd a subsequence (Sjv fc ) that is uniformly convergent to on the set 
{r( : C 6 7, 1 < r < 2}. Theorem H then tells us that there is a set 75 C B, 
which is minimally thin at both and £ 2 , such that (e~ hl Spf k ) is uniformly 
bounded on E3)\77. By Theorem 8 of [12] we can choose line segments Li,L 2 C 
H)\E with endpoints at CiiC2i respectively. Since (5j\r fc ) is locally uniformly 
convergent on D, it follows from the maximum principle that (log \Sff k \ — hi) is 
uniformly bounded on a domain whose boundary is contained in the union of 
L\, L 2 , 1 and a suitable closed line segment in D joining L\ to L 2 . Hence (Sjv fc ) 
is uniformly bounded on the set uj = {r( : ( G 7i, < r < 2}. This leads to the 
conclusion that S]y k — > on lo and thus / = 0, which is a contradiction. ■ 

Proof of Theorem [2j Let / G 0) and suppose that the set of Plessner 
points of / does not have full arclength measure. We fix a > 1 and < t < 1, 
and define 

7 a = {CeT:|/|<a on r* Q (C)} (a > 0). 

By Plessner's theorem the set J a will then have positive arclength measure 
provided we choose a large enough. Let F = U^ 6 j a F^(C). The set D\F is 
then minimally thin at almost every point of J a , by Lemma 9.7.5 of [2] and the 
conformal invariance of minimal thinness. This leads to a contradiction, in view 
of the Corollary [5] and the fact that |/| < a on F. ■ 

Proof of Corollary H Let / G U(D, 0), and let Z denote the set of all C G T 

such that {f(r() : < r < 1} is dense in C. If ( G T\Z, then we can choose 
p G Q + iQ and a positive rational number q such that 

{/K):0<r<l}cC\%g). (9) 



7 



We write E PA for the collection of all points ( € T satisfying ©. Thus E p>q is 
closed and T\Z = U p ^ q E p ^ q . If Z were not residual, then there would exist p, q 
as above such that E p ^ q has non-empty interior J relative to T. It follows that 
/ does not take values in D(p,q) on the sector {r( : < r < 1, £ € J}. This 
contradicts the conclusion of Theorem [3J so Z must be residual. ■ 

Proof of Proposition [6j Without loss of generality we may assume that A is 
closed relative to D and that AU D(0,n/ (n + 1)) has connected complement for 
each n £ N. By Lemma 2.1 of [T7] there is a countable collection /C, of compact 
sets K C C\B with connected complement, having the following property: if 
L C C\B is compact and C\L is connected, then L C K for some K 6 K,. It is 
easy to see that A U D(0, n/(n + 1)) U K has connected complement for every 
K € /C. Now let P be the collection of all complex polynomials with coefficients 
in Q + iQ, let ((K n ,p n )) be an enumeration of /C x "P, and let d n — max z6 jf n |z|. 
We inductively define a sequence of polynomials (q n ) as follows. 

Since w(z) — > oo as z — >• 1 we can choose ni € N large enough so that 
|z ni Pi(l)| < u>0)/2 2 on4UD(0,l/2). We then define 



Pi( z ) = 



Z - ni Pl (z) if \z\ > 1 
Pi(l) if \z\ < 1 



use Mergelyan's theorem to choose a polynomial q* such that 

|g£ -pJI < (2X 1 )" 1 on A U D(0, 1/2) U ifi, 
and define <7i(z) = z™ 1 ^ (z). Since u> > 1 and di > 1, we have 

\ qi (z)\ < \z ni \\<giz)-pUz)\ + \* ni Pi(l)\ 

< 2- 2 + 2- 2 w(z) 

< 2- 1 w(z) («6AuS(0,l/2)) 

and 

| Pl (z) - gi (z)| - - P ;(z)| < 2- 2 (z G /fx). 

Next, given qx, gfe_i, where k > 2, we choose > degg^-i large enough 
such that 



Pk- £ 



<2" fe " 1 u)(z) on AUL»(0,fc/(fc + 1)), 



define 

Pfc(*) = 



«- n *(p*-E? _1 «j)W if kl>i 
(p*-E? _1 <&)(i) if 1*1 <i 



use Mergelyan's theorem to choose a polynomial ql such that 

l«3b — j»fcl < (2 fe+1 C) _1 on 4Ufl(0,# + l))UJr fc) 
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and define qk{z) = 


z n *q* k (z). 


Thus 






\Qk(z) 


< 


\z n " 


kfc(- 


0- 


pU z )\ 




< 


2-* 




z n k 


(^Pk - 




< 


2 -k 




r k - 






< 


r, — k 

Z 


w{z) 




(ze 



fc-l 



and 



= |^|| g ^)-^( 2 )|<2- 



-fe-i 



(z G K k ). 



It is now easy to see that the series ^2 In converges locally uniformly on D to a 
holomorphic function / such that |/| < w on A, and that 



\Pk Sn k+1 - 



Pk 



k 



< 2 



-fc-i 



on iffe (A; e 



Thus / G W(B, 0), as claimed. 



A related result for the strip S, given below, will be used in the proof of 
Theorem [T] 

Proposition 7 Let A be a bounded subset of S such that A f] dS = {±1}, and 
let w : S — > (1, oo) be a continuous function such that w(z) —> oo as z — > ±1. 
Then there exists f G U(S, 0) such that \ f\ < w on A. In particular, this is true 
for w = e , where h is any positive harmonic function on S that tends to oo at 
±1. 



Proof. Let F + : {Rcz < 1} — 5- D be a conformal map such that -F+(0) = 
and with boundary limit F+(l) = 1, and let F-(z) = F + (—z). Thus F_ is a 
conformal map from {Rez > — 1} to D and 1) = 1. We exhaust S by the 

rectangles 

R n = {\Rez\<n/{n+l), \lmz\<n} (n G N). 

We may assume that A is closed relative to S and that A U R n has connected 
complement for each n. Let w n = max^ w. Also, let K n and p n be as in the 
proof of Proposition [51 except that the sets K n now lie outside S rather than 
B. 

We inductively define a sequence of polynomials (q n ) as follows. Given k G N 
and q%, ...,qi--i, let mk-i denote the degree of XZi 1 1j- (We d enne m o = 0.) 
By Cauchy's estimates we can choose S k G (0, 1) small enough such that, if g is 
holomorphic on D and \g\ < 5k on D(0, 1/2), then 

\S N (g,0)\ <2- k on ^ U ... U K k (N = 0, 1, ...,m*_i). (10) 
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Since \F±\ < 1 and w(z) — >■ oo as z — > ±1, we can choose eff large enough 
so that 



\F±(z) 



fc-i 



p fe -E* (±!) 



(zeAuR k ) (11) 



and also that 6^, Cfc G -D(0, 2 fc 8k), where 
/ fc-l \ 



fc-i 



6 fe = {F_(l)P U~5> (-1), Cfe = {F + (-l)r U-$> (1). 



The function p* k defined by 



V* k {z) = { 



Pk{z) - El l Qj( z ) + b k 

{F + (z)} n * (pk-Ei^Q^a) 



+Rwr(w-Er i %)(-i) 



Pk{z) 1 Qj(z) + c fe 



(Rez > 1) 
(\Rez\ < 1) 
(Rez < -1) 



is continuous at ±1 and holomorphic outside {|Rez| = 1}, so by Mergelyan's 
theorem we can choose a polynomial qk such that 



Wk -Pt\ < 2 



In view of (fTTjl . 



-fc-l c 
Ok 



\Qk\ < \q k -p* k \ + \p* k \< 2- k - 1 5 k + 2- fc - i <5 fc 



on A U R k U K k 



,-fc-lr W (z) 



on A U R k , 



SO 



Also, 



| 9fe |<2 k w on A, |g fe |<2 % on R k . 



Pk-J2 q i 



< \lk-P* k \ + 



fc-i 



p%- qj 



< 2- k - i S k + max{|6 fc | , \c k \} < 2~ k on K k . (12) 



We can clearly also arrange that the sequence (5k) is decreasing. 

It follows that the series E 9fc converges locally uniformly on S to a holo- 
morphic function / satisfying |/| < w on A. Further, |Efc°9il < ^fc on ^fc> 
which contains Z?(0, 1/2), so 



\pk ~ S mk _ 1 (f,0)\ < 



fc-i 



Sm k - t (^2qj,o) 



< 2 1 ~ k on JCfr 



by (H2J) and (JTUJ). Thus / G U{S, 0), as required. 
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Proof of Theorem [TJ The notion of minimal thinness at a boundary point 
of S is defined in the same way as for D, except that we now use the Poisson 
kernel for S. Let h be a positive harmonic function on S such that h{z) —¥ oo as 
z — s- ±1, let w = e , and let A be a bounded, relatively closed subset of S such 
that AndS = {±1} and S\A is minimally thin at ±1. Next, let / e U(S,0) be 
as in Proposition [7J 

Part (i) of Theorem [1] now follows from Corollary [5l and the conformal 
invariance of harmonicity and minimal thinness. 

To prove part (ii) we choose a conformal mapping F : S S which sends 
two (distinct) points of {Rez = 1} to the boundary points ±1. The argument 
used to prove Corollary [S] is readily adapted to show that, if fx 6 U(S,0) and 
ft. is a positive harmonic function on S, then the set {|/i| > e h } cannot be 
minimally thin at more than one point of {Rez = 1}. Part (ii) now follows 
again from the conformal invariance of harmonicity and minimal thinness. ■ 
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